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We study massless scalar and electromagnetic fields from static sources in a static higher dimen-
sional spacetime. Exact expressions for static Green’s functions for such problems are obtained in
the background of the Majumdar-Papapetrou solutions of the Einstein-Maxwell equations. Using
this result we calculate the force between two scalar or electric charges in the presence of one or
several extremally charged black holes in equilibrium in the higher dimensional spacetime.
I. INTRODUCTION
There exists a variety of interesting physical problems
that require study of a test electromagnetic field in a
curved spacetime. For such problems one uses a test field
approximation: The field propagates in a fixed gravita-
tional background and its backreaction on the metric is
neglected. This approximation is often used for the study
of electric and magnetic fields created by sources near a
black hole. Black hole electrodynamics is an important
part of the membrane paradigm [1] and has important
applications in black hole astrophysics.
In the present paper we consider the static field of a
pointlike charge placed in the black hole vicinity. In a
local frame such a field close to the charge is radial and
similar to the field of a charge in a flat space. However the
action of gravity modifies the field at far distance from
the charge. This modification can be easily ‘explained’
as the gravitational attraction of the energy-stress distri-
bution associated with the test field[18].
The simplest case is a situation when an electric charge
is at rest in a uniform gravitational field. The corre-
sponding electric field can be easily obtained by writing
the corresponding Lie´nard-Wiechert potential for a uni-
formly accelerated charge in the Rindler coordinates. In
1921 Fermi [2] used this approach to study how the ho-
mogeneous gravitational field affects the self-energy of an
electric charge. A similar problem of the self energy for
charged particles at rest in the vicinity of a neutral and
charged black holes was discussed more recently in [3–
6]. The remarkable fact is that the solutions for scalar
massless and electric field created by a pointlike charge
in the Schwarzschild and Reissner-Nordstro¨m metrics can
be obtained in an explicit analytical form [7–10]. This re-
sult is a consequence of the generic property of these four
dimensional metrics: They can be written in the form of
the Weyl metric. If the axis of the symmetry is chosen so
∗e-mail: vfrolov@ualberta.ca
†e-mail: zelnikov@ualberta.ca
that it passes through the position of the charge, the cor-
responding equations for the static field for such a source
are effectively reduced to the equations in a flat 3D space.
Gibbons and Warnick [11] demonstrated that the exact
static scalar and electromagnetic Green functions in the
four-dimensional Schwarzschild and Reissner-Nordstro¨m
spacetimes can be also obtained by reducing the problem
to calculations in optical metrics. Unfortunately such
methods do not work for higher dimensional generaliza-
tions of the spherically symmetric black holes. However
recently Linet [12] obtained explicit exact solutions for
the field of a pointlike particle in the vicinity of higher di-
mensional extremally charged Reissner-Nordstro¨m black
hole.
In this paper we obtain exact solution of this prob-
lem in a wide class of physically interesting metrics and
provide a far going generalization of Linet’s results.
The aim of this paper is to demonstrate that in the
higher dimensional case there exist wide class of phys-
ically interesting metrics where the massless scalar and
electric field equations allow exact solutions for point-
like charges. This class includes so called Majumdar-
Papapetrou solutions of the Einstein-Maxwell equations.
The corresponding solutions describe one or several ex-
tremally charged higher dimensional black holes in equi-
librium. They are supersymmetric and saturate the Bo-
gomol’nyi bound. These solutions are widely discussed in
the string theory (see e.g. [13, 14]). The D−dimensional
Majumdar-Papapetrou solution is static and its spatial
part is conformal to the (D− 1)−dimensional Euclidean
metric. We demonstrate that this property allows one
to reduce static scalar and electric problems to similar
problems in a flat space. [19]
The paper is organized as follows. In Section 2 we
recall some properties of the Majumdar-Papapetrou so-
lutions and discuss two special cases: a single higher di-
mensional extremal Reissner-Nordstro¨m black hole, and
such a black hole in a space with compact extra dimen-
sion. This material is well known. We collect here the
results, basically in order to fix notations we use in the
main text. In Sections 3 and 4 we obtain explicit ex-
pressions for scalar and electric field of a point charge
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2in the Majumdar-Papapetrou geometry. We also analyze
interesting special cases and discuss how the presence of
extremally charged black holes modifies the interaction
force between charges in these spacetimes.
II. MAJUMDAR-PAPAPETROU SOLUTIONS
OF EINSTEIN-MAXWELL EQUATIONS
A. General form of the Majumdar-Papapetrou
metric
The higher dimensional Einstein-Maxwell action is[20]
S = Sg + Sem ,
Sg =
1
16piG(D)
∫
dDx
√−g R,
Sem = − 1
16pi
∫
dDx
√−g FµνFµν +
∫
dDx
√−g AµJµ .
(2.1)
In D = n+ 3 dimensions the solution which describes
the metric of a set of extremally charged black holes at
rest can be written in the form
ds2 = −U−2 dt2 + U2/nδab dxadxb . (2.2)
The corresponding static electric field is given by the vec-
tor potential
Aµ =
√
n+ 1
2n
U−1 δ0µ . (2.3)
This is an exact solution of the Einstein-Maxwell equa-
tions if the function U satisfies the equation
4 U = 0 , (2.4)
that is, it is a harmonic function. We denote by Greek
indices the spacetime coordinates and use Latin indices
a, b, . . . or bold face fonts for spatial coordinates xµ ≡
(t, xa) ≡ (t,x). The (n + 2)−dimensional Laplacian in
Eq.(2.4) is defined in accordance to the flat spatial metric
4 ≡ δab∂a∂b . (2.5)
We also use here the flat metric to define the norm of the
spatial vector
|x| ≡
√
δab xaxb . (2.6)
The ‘coordinate distance’ between spatial points x and
x′ then reads |x− x′| .
For a special choice of the solution
U = 1 +
∑
k
Mk
ρnk
, ρk = |x− xk| , (2.7)
the metric Eq.(2.2) describes multiple black holes in equi-
librium, when the gravitational attraction between them
is exactly compensated by the electromagnetic repulsion.
These metrics are the higher dimensional generalization
[17] of the Majumdar-Papapetrou metrics. The met-
ric with k = 1, . . . , N describes N extremally charged
black holes in a static equilibrium. Here xk is the spatial
position of the k-th extremal black hole. The function
U obeys the homogeneous equation Eq.(2.4) everywhere
outside these points. When these points are included one
has
4 U = −4pi
1+n2
Γ
(
n
2
) ∑
k
Mk δ
n+2(x− xk) . (2.8)
These δ−functions are localized on the horizons. They
correspond to the effective charge distributions
√−gJ 0 = −
√
n+ 1
2n
4U
4pi
=
√
n+ 1
2n
pi
n
2
Γ
(
n
2
) ∑
k
Mk δ
n+2(x− xk) .
(2.9)
on the horizons of the charged black holes of the
Majumdar-Papapetrou spacetime.
B. Special cases
1. Higher dimensional extremal Reissner-Nordstro¨m black
hole
A simplest case of the Majumdar-Papapetrou metric
is an an extremal Reissner-Nordstro¨m black hole
ds2 = −U−2 dt2 + U2/n dr2 + r2 dΩ2n+1 ,
U =
(
1− r
n
g
rn
)−1
.
(2.10)
Here rg is the gravitational radius of the black hole and
dΩ2n+1 is the metric on a unit (n+ 1)-dimensional sphere
dΩ2n+1 = dθ
2
n+1 + sin
2 θn+1dΩ
2
n . (2.11)
We shall use notations
θ = θn+1 , φ = θ1 . (2.12)
The angles θj>1 change in the interval (0, pi), while φ
changes in the interval (0, 2pi).
The vector potential Aµ of the electric field is
Aµ =
√
n+ 1
2n
(
1− r
n
g
rn
)
δ0µ . (2.13)
At infinity the potential does not vanish but asymptoti-
cally approaches a pure gauge solution.
After the coordinate transformation
ρn = rn − rng (2.14)
3the Reissner-Nordstro¨m metric takes the form, where the
spatial part is conformally flat
ds2 = −U−2 dt2 + U2/n (dρ2 + ρ2 dΩ2n+1) ,
U = 1 +
rng
ρn
.
(2.15)
In this particular case of a single black hole these coordi-
nated are called isotropic. It is convenient to introduce
the ‘coordinate distance’ between two points in the met-
ric Eq.(2.15) which is just the distance defined by the flat
spatial geometry R(x,x′) = |x− x′| (see Eq.(2.6)).
2. Compactified extremally charged black hole
The Majumdar-Papapetrou metric Eq.(2.2) can be
used for description of a spacetime of a single black hole
but in a compactified spacetime with the spatial topology
of a cylinder [17]. The idea is simple. Consider at first
a black hole in the space with the topology of a cylinder
and which is periodic in one direction, e.g., La with the
coordinate period L = |L|. This spacetime is equivalent
to the multi black hole metric where all black holes are
aligned in one direction with an equal distance between
them and have the same masses. This is evidently a par-
ticular case of the generic higher dimensional Majumdar-
Papapetrou metric with the function
U(x) = 1+M
∞∑
k=−∞
1
ρnk
, ρk = |x−xBH−kL| . (2.16)
Without loss of generality one can always put the black
hole in the coordinate origin xBH = 0, and choose L
a =
(0, . . . , 0, L). Then
ρk =
√
[(z − kL)2 + `2] , z ≡ xn+2 ,
`2 ≡ δijxixj , i, j = (1, . . . , n+ 1) .
(2.17)
For example in five dimensions (n = 2) the summation
leads to
U(x) = 1 +M
pi
`L
sinh (2pi`/L)
cosh (2pi`/L)− cos (2piz/L) . (2.18)
In any odd dimensions one can easily derive a more com-
plicated but similar expression in terms of elementary
functions. Namely, if j = n/2 is integer then
U(x) = 1−M (−1)
j
j!
(
1
2`
∂
∂`
)j [
ln
(
cosh
2pi`
L
− cos 2piz
L
)]
.
(2.19)
In even dimensions (odd n) there is no simple expression
for this sum.
III. STATIC MASSLESS SCALAR FIELD IN
MAJUMDAR-PAPAPETROU SPACETIMES
A. Massless scalar field with sources
The best way to deal with this problem is to start with
the total action for the particles carrying a scalar charge.
It consists of the scalar field action, the action of the
massive particle itself, and the interaction term
S = Ssc + Sm + Sint ,
Ssc = − 1
8pi
∫
dDx
√−g ϕ;µϕ;µ ,
Sm = −
∫
dτ m
√−uµuµ ,
Sint =
∫
dDx
√−g ϕ(x)J(x) .
(3.1)
Consider two pointlike scalar charges q and q′ located
at points y and y′, respectively, in the spacetime with
the metric Eq.(2.2). The source describing a pointlike
scalar charge moving along the worldline yµ(τ) is
J(x) = q
∫
dτ
√−uµuµ δD(xµ, yµ) , (3.2)
where τ is its proper time and δD(xµ, yµ) =
(−g)−1/2δD(xµ − yµ) is the covariant D-dimensional δ-
function (D = n + 3). In this expression the factor√−uµuµ is equal to 1 on the equations of motion, but
for an arbitrary off-shell trajectory it is to be considered
a functional of the path. This factor is necessary for the
consistency of the variation procedure. In order to cal-
culate the force exerted by one scalar charge to another,
one has to keep in mind peculiar properties of the scalar
field.
Variation of this action over the particle path gives the
equation of motion. For a particle of mass m and a scalar
charge q we obtain
d
dτ
pµ = fµ. (3.3)
Here
pµ = (m− qφ)uµ (3.4)
is the canonical momentum of the scalar particle. The
tricky point is that the effective inertial mass of the scalar
charge depends on the scalar field [16]
meff = m− qϕ(y) (3.5)
and, hence, is not constant in spacetime because in a
general case the scalar field ϕ is not homogeneous. The
force acting on the scalar charge is
fµ = q ϕ;µ . (3.6)
4If the scalar field ϕ is created by another static pointlike
charge q′ located at the spatial point y′
J ′(x) = q′
√−g00(x)√−g(x) δn+2(x− y′)
= q U−1−
2
n (x) δn+2(x− y′).
(3.7)
then it can be expressed in terms of the Green function
ϕ(y) = 4piq′
√
−g00(y′)G(y,y′) . (3.8)
B. Field of a scalar point charge
Let us consider a pointlike scalar charge in a (n +
3)−dimensional static spacetime with the metric
ds2 = −U2dt2 +H2dl2 . (3.9)
Here dl2 is a flat (n+ 2)−dimensional metric
dl2 = δabdx
adxb , a, b = 1, . . . , n+ 2 , (3.10)
and U and H are functions of spatial coordinates xa. The
massless scalar field equation is of the form
ϕ = −4piJ ,  ≡ gµν∇µ∇ν . (3.11)
We focus our attention on a static field ϕ generated by a
static source J . It obeys the equation
∆(n+2)ϕ = −4piJ , (3.12)
where
∆(n+2) =
U
Hn+2
δab∂a
(
U−1Hn∂b
)
. (3.13)
For a special case of Majumdar-Papapetrou spacetime,
when H = U1/n the operator ∆(n+2) is proportional
for the (n + 2)−dimensional flat Laplace operator 4 =
δab∂a∂b and the equation Eq.(3.12) takes the form
4 ϕ = −4piU2/nJ . (3.14)
The metric Eq.(3.9) in this case takes the form Eq.(2.2).
The static Green function for (n + 2)−dimensional
Laplace operator is a solution of the equation
4G(x,x′) = −δn+2(x− x′) . (3.15)
Using the following two relations
4
[
1
ρn
]
= −4pi
1+n2
Γ
(
n
2
) δn+2(x) = −n 1
ρn+1
δ(ρ) , (3.16)
δn+2(x) =
Γ
(
1 + n2
)
2pi1+
n
2
1
ρn+1
δ(ρ) , (3.17)
one can easily obtain the Green function G(x,x′)
G(x,x′) = Γ
(
n
2
)
4pi1+
n
2
· 1
Rn
, (3.18)
where
R(x,x′) = |x− x′| . (3.19)
The function R(x,x′) is the coordinate distance Eq.(2.6)
between points x and x′.
Therefore the solution for the scalar field correspond-
ing to the generic static scalar source J reads
ϕ(x) = 4pi
∫
dn+2x
√
−g(x′) J(x′)G(x,x′)
= 4pi
∫
dn+2xU2/n(x′) J(x′)G(x,x′)
(3.20)
C. Force between two pointlike scalar charges
Thus the force takes the form fµ = (0, fa) where
fa = −
nΓ
(
n
2
)
pi
n
2
1
U(y′)
qq′
Rn+2(y,y′)
(yb − y′b) δab. (3.21)
One can see that the force is attractive and fa ∼ (ya −
y′a), i.e., when written in the metric Eq.(2.2), it is di-
rected exactly to the position of the charge q′. The in-
variant absolute value of the force |f | = √fµfµ is
|f | = nΓ
(
n
2
)
pi
n
2
1
U
1
n (y)U(y′)
qq′
Rn+1(y,y′)
. (3.22)
D. Special cases
1. Scalar field near higher dimensional extremally charged
black hole
For a single black hole the higher dimensional
Majumdar-Papapetrou metric Eq.(2.2) reduces to the
higher dimensional version of the extremal Reissner-
Nordstro¨m metric Eq.(2.15) in isotropic coordinates. In
curvature coordinates it is given by Eq.(2.10) with the
function
U = 1 +
rng
ρn
=
(
1− r
n
g
rn
)−1
. (3.23)
The static scalar Green function then reads
G(x,x′) = Γ
(
n
2
)
4pi1+
n
2
· 1
Rn
, (3.24)
5FIG. 1: This figure depicts the scalar field force lines created
by a charge in the extremal Reissner-Nordstro¨m black hole.
The surface represents the embedding of the geometry of the
equatorial section of the black hole to a three-dimensional flat
space. Color function corresponds to the value of the scalar
field ϕ, so that the lines of the same color would correspond to
the equipotential lines. Near the charge the potential mono-
tonically grows to infinity.
where the function R in the isotropic spherical coordi-
nates (ρ,θ) takes the form
R2 = ρ2 + ρ′2 − 2ρρ′ cosλ ,
cosλ = cos θ cos θ′ + sin θ sin θ′ cosλn ,
cosλn = cos θn cos θ
′
n + sin θn sin θ
′
n cosλn−1 ,
θ1 = φ , θn+1 = θ , λn+1 = λ .
(3.25)
The meaning of the functions λ is the length of the arc of
a great circle connecting two points θ = (θ1, . . . , θn, θ)
and θ′ = (θ′1, . . . , θ′n, θ′) on the surface of n + 1-
dimensional unit sphere. The same distance expressed in
terms of the curvature coordinates (r,θ) (see Eq.(2.10))
reads
R2 =
(
rn − rng
)2/n
+
(
r′n − rng
)2/n
− 2 (rn − rng )1/n (r′n − rng )1/n cosλ ,
cosλ = cos θ cos θ′ + sin θ sin θ′ cosλn .
(3.26)
If the charge q′ is located at the point x′ then the cor-
responding scalar field is given by the formula Eq.(3.27)
ϕ(x) = 4piq′ U−1(x′)G(x,x′) . (3.27)
This special case reproduces the result by Linet [12]
for the scalar field near higher-dimensional extremal
Reissner-Nordstro¨m black hole.
2. Scalar field in the spacetime of compactified extremally
charged black hole
When written in the coordinates Eq.(2.2) the equation
for the static Green function of the scalar field does not
depend on the function U . Therefore, on a compact space
one can independently derive the corresponding Green
function G(L) by a similar summation over images of a
scalar charge
G(L)(x,x′) =
∞∑
k=−∞
G(x,x′ + kL) , (3.28)
G(L)(x,x′) =
Γ
(
n
2
)
4pi1+
n
2
·
∞∑
k=−∞
1
Rnk
, (3.29)
where
Rk(x,x
′) = |x− x′ − kL| . (3.30)
In 5D spacetime we get
G(L)(x,x′) = 1
4piLL
sinh (2piL/L)
cosh (2piL/L)− cos (2pi(z − z′)/L) .
(3.31)
where
z ≡ xn+2 , z′ ≡ x′n+2 , L = (0, . . . , 0, L) ,
L2 ≡ δij(xi − x′i)(xj − x′j) , i, j = (1, . . . , n+ 1) .
(3.32)
IV. MAXWELL FIELD OF POINTLIKE
CHARGE IN MAJUMDAR-PAPAPETROU
SPACETIMES
A. Reduction of the field equations
The Maxwell equations
Fµ; = 4piJ
µ , Fαβ = ∇αAβ −∇βAα , (4.1)
for a static source Jµ = δµ0 J
0 reduce to a single equation
for the potential A0
1√−g ∂
(√−gg00gβ∂βA0) = −4piJ0 , (4.2)
or
δab ∂a
(
U2∂bA0
)
= 4piU2/n J0 . (4.3)
Substituting
A0 = −U−1ψ , (4.4)
we obtain
− ψ4 U + U 4 ψ = −4piU2/n J0 , (4.5)
or [4− (U−1 4 U)]ψ = −4piU−1+ 2n J0 . (4.6)
For a point-like static source with the total charge e′ =
(4pi)−1 located at the point x′
√−g J0 = U 2n J0 = 1
4pi
δn+2(x− x′) , (4.7)
6U 4 ψ − ψ4 U = −δn+2(x− x′) , (4.8)
and the vector potential A0 = −U−1ψ gives the static
Maxwell Green function G00(x,x′). The function ψ sat-
isfies Eq.(4.6) which is different from the scalar case be-
cause it contains extra δ-function-like potential terms.
Though these potential terms are localized on the black
hole horizons and are multiplied by an extra factor U−1
which vanishes on the horizon, one has to be careful in
dealing with this equation because ψ itself may diverge
on the horizon.
B. Field of a pointlike charge: general case
Considering the class of functions ψ which are not nec-
essarily regular on the horizon, it is suggestive to look for
a solution of the form
ψ(x,x′) =
1
U(x′)
Γ
(
n
2
)
4pi1+
n
2
[
1
Rn
+B(x,x′)
]
,
B(x,x′) = b+
∑
i
Ci(x
′)
ρni
.
(4.9)
It is easy to check that
4ψ = − 1
U(x′)
[
δn+2(x− x′) +
∑
i
Ci(x
′) δn+2(x− xi)
]
(4.10)
and
U = 1+
∑
k
Mk
ρnk
, 4U = −4pi
1+n2
Γ
(
n
2
) ∑
k
Mk δ
n+2(x−xk) .
(4.11)
Substitution of these relations to Eq.(4.8) gives the con-
straints on the Ci(x
′)
−
{
1 +
∑
k
Mk
ρnk
}
×
{
δn+2(x− x′) +
∑
i
Ci(x
′) δn+2(x− xi)
}
+
{
1
Rn
+ b+
∑
i
Ci(x
′)
ρni
}{∑
k
Mk δ
n+2(x− xk)
}
= −U(x′)δn+2(x− x′) .
(4.12)
Taking into account the identity
1
Rn
δn+2(x− xk) = 1
ρ′ nk
δn+2(x− xk) (4.13)
we obtain the condition
Ck = Mk
(
1
ρ′nk
+ b
)
. (4.14)
The meaning of this condition is that the vector potential
A0 has only one pole, which is located at the position
of a test charge. All other poles located at xk, which
may appear in the case of arbitrary Ck, have to cancel
each other. So that the charges of the black holes re-
main the same as in the original background Majumdar-
Papapetrou spacetime.
Thus
B(x,x′) = b U(x) +
∑
k
Mk
ρnkρ
′n
k
. (4.15)
Because the vector potential A0 = −ψ/U , we obtain the
static Green function for the Maxwell field
G00(x,x′) = −
Γ
(
n
2
)
4pi1+
n
2
·
[
1
Rn
+
∑
k
Mk
ρnkρ
′ n
k
]
U(x)U(x′)
− b Γ
(
n
2
)
4pi1+
n
2
· 1
U(x′)
.
(4.16)
The last term does not depend on x and, hence, it is a
pure gauge. We fix it by the requirement A0(x,x
′)→ 0
when xa →∞. It leads to b = 0. Finally we get
G00(x,x′) = −
Γ
(
n
2
)
4pi1+
n
2
· 1
U(x)U(x′)
[
1
Rn
+
∑
k
Mk
ρnkρ
′
k
n
]
,
(4.17)
U(x) = 1 +
∑
k
Mk
ρnk
, ρk = |x− xk| , R = |x− x′| .
(4.18)
The total vector potential, which includes the contribu-
tion Eq.(2.3) of charged black holes and of a test electric
charge, is the sum
A0(x) +A0(x) =
√
n+ 1
2n
U−1(x) + 4pie′ G00(x,x′) .
(4.19)
The charge of a test particle is assumed to be much less
than the charges of the black holes. The back reaction of
the spacetime on the presence of the test charged particle
is considered to be negligible.
C. Special cases
1. Higher dimensional extremally charged black hole
For a single higher dimensional extremally charged
black hole (see Eq.(2.15) and Eq.(2.10)) one has
U(x) = 1 +
rng
ρn
=
(
1− r
n
g
rn
)−1
. (4.20)
7The static Green function for the vector potential is
G00(x,x′) = −
Γ
(
n
2
)
4pi1+
n
2
· 1
U(x)U(x′)
[
1
Rn
+
M
ρnρ′n
]
,
= − Γ
(
n
2
)
4pi1+
n
2
·
[
1
U(x)U(x′)
1
Rn
+
M
rnr′n
]
,
(4.21)
where the function R is given by the Eq.(3.25)-Eq.(3.26).
The vector potential at the point x created by the
electric charge e′ located at the point x′ is given by
A0(x) = 4pie
′ G00(x,x′) . (4.22)
This formula reproduces the result by Linet [12] for
the Maxwell field created by a test electric charge near
higher-dimensional extremal Reissner-Nordstro¨m black
hole. The force exerting by the electric charge e′ on the
charge e is given by
fµ = eFµ0 = 4piee
′ ∂µG00(x,x′) . (4.23)
where the gradient is taken at the point x.
2. Maxwell field in compactified spacetimes
In contrast to the scalar case the Green function of the
Maxwell field Eq.(4.17) depends on the metric function
U(x). However, by construction this function itself is
periodic U(x + kL) = U(x) with the same period L.
Therefore method of images still works and
G(L)00(x,x′) =
∞∑
k=−∞
G00(x,x′ + kL) . (4.24)
G(L)00(x,x′) = −
Γ
(
n
2
)
4pi1+
n
2
· 1
U(x)U(x′)
×
[ ∞∑
k=−∞
1
Rnk
+M
( ∞∑
k=−∞
1
ρnk
)( ∞∑
l=−∞
1
ρ′l
n
)]
,
(4.25)
U(x) = 1 +M
∞∑
k=−∞
1
ρnk
ρk = |x− xBH − kL| , R = |x− x′ − kL| .
(4.26)
In five dimensions (n = 2) we can perform summations
and get explicit formulas
∞∑
k=−∞
1
R2k
=
pi
LL
sinh (2piL/L)
cosh (2piL/L)− cos (2pi(z − z′)/L) ,
∞∑
k=−∞
1
ρ2k
=
pi
`L
sinh (2pi`/L)
cosh (2pi`/L)− cos (2piz/L) ,
∞∑
l=−∞
1
ρ′2l
=
pi
`′L
sinh (2pi`′/L)
cosh (2pi`′/L)− cos (2piz′/L) .
(4.27)
Here
z ≡ xn+2 , z′ ≡ x′n+2 , La = (0, . . . , L) ,
`2 ≡ δijxixj , `′2 ≡ δijx′ix′j
L2 ≡ δij(xi − x′i)(xj − x′j) , i, j = (1, . . . , n+ 1) .
(4.28)
The obtained exact solutions for scalar and electric
fields of a static point-like sources allows one to calcu-
late the self-energy of particles in the presence of one or
several extremally charged black holes and an additional
force acting on charges in the presence of black holes. We
are going to study this problem in a separate paper.
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